JAM/MS — 2023/Mock Exam-1 www.alphaplusdelhi.com

HT JAM : MATHEMATICS - STATISTICS

Paper Specific Instructions

1. The examination is of 3 hours duration. There are a total of 60 questions carrying 100 marks.
The entire paper is divided into three sections A, B, and C.
All sections are compulsory. Question in each section are of different types.

2. Section - A contains a total of 30 Multiple Choice Questions (MCQs).
Each MCQ type question has four choices out of which only one choice is the correct-answer.
Question Q.1 - Q.30 belong to this section and carry a total of 50 marks:
Q.1 - Q.10 carry 1 mark each and Questions Q.11 - Q. 30 carry 2 martks each.

3. Section - B contains a total of 10 Multiple Select Question (MSQ).
Each MSQ type question is similar to MCQ but with a difference that there may be
one or more than one choice(s) that are correct out of the four given choices.
The candidate gets full credit if he/she selects all the'correct answers.only
and no wrong answers. Questions Q.31 - Q.40 belong to this section and carry 2 marks
each with a total of 20 marks.

4. Section - C contains a total of 20 Numerical Answer<Fype (NAT) questions.
For these NAT type questions, the answer is a real. aumber which needs to be entered using
the virtual keyboard on the monitor. No choiceswill be shown for these type of questions.
Questions Q.41 - Q.60 belong to this section‘and carry a total of 30 marks.
Q.41 — Q.50 carry 1 mark each and Question Q.51 - Q.60 carry 2 marks each.

5. In all section, questions not attempted will result in zero mark. In Section - A
(MCQ), wronganswer will result in NEGATIVE marks. For all 1 mark
questions, 1/3 marks will be.deducted for each wrong answer. For all 2 marks
question; 2/3 marks will beé deducted for each wrong answer. In Section - B
(MSQ), there is NO NEGATIVE and NO PARTIAL marking provisions.
There is NO NEGATIVE marking in Section - C (NAT) as well.

6. Only Virtual Scientific Calculator is allowed. Charts, graph sheets, tables, cellular phone
or other electronic gadgets are NOT allowed in the examination hall.

7. The Scribble Pad will be provided for rough work.

ALPHA PLUS 10f17




JAM/MS — 2023/Mock Exam-1 www.alphaplusdelhi.com

Special Instructions / Useful Data

R The set of real numbers
R" {(x1,x2, ..., x):x; €R, i=1,2, ..., n}
det(M) Determinant of a matrix M
I, Identity matrix of ordern x n,n =2, 3, ...
g First derivative of a real valued function g
g" Second derivative of a real valued function g
F* Complement of an event F
P(F) Probability of an event F
P(F|G) Conditional probability of an event F given the occurrence of event G
X~f The probability density/mass function of the random variable X is f
E(X) Expectation of a random variable X
Var(X) Variance of a random variable X
U(a, b) Continuous uniform distribution on the interval{a, b) -0 <a <b <
Poisson (0) Poisson distribution with mean 0,0  (0,x)
N(u,06°) Normal distribution with mean p and variance 6, i € (—o0,0),6° € (0,0)
X2 Central chi-square distribution-with n degrees of freedom,n=1, 2, ...
Fo » F distribution with (m, n) degrees of freedom, m, n =1, 2, ...
o() Distribution function of N(0, 1)
| x| Absolute value-of x
MLE Maximum Likelihood Estimator
n! ne(n-1)--3.2.1,n=12,3,..., and 0! = 1
n ! 0
— Y k=01,2,...n and n=12,.; |=1
k k'(n—k)! 0
max{di, a3, ..., @} | Maximum of real numbers a,,4,...,a, (n > 2)
min{ai, a, ..., @»} | Minimum of real numbers ay, a, ..., dx (n > 2)
In x Natural logarithm of x
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MATHEMATICS STATISTICS

SECTION - A
Multiple Choice Questions (MCQ)

Q.1. to Q.10 carry one mark each

Q.1. Let {a,} be a sequence of positive reals such that lim(a )" = l, then the funetion
q p n 4

xsin (izj x#0
X
lim log(1+a,)

n—>0 . TE
sin| a, +—
2

(A) Continuous at 0, not differentiable at 0

(x) = is
x=0

(B) Continuous everywhere exceptat 0
(C) Differentiable at 0

(D) Nowhere differentiable

X

) 1 )
Q.2. Let abe a non-zero real number. Then lim——— Is1n(t2)dt equals

x—)ax —

1o\ O L 2 _L 2 _L 2
(A) Zsm(a ) (B) > cos(a”) ©) » sin(a”) (D) > cos(a”)

Q.3. X hasan Exp (mean 1). The random variable Y is defined by the relationship Y = VX . Which of the

following is the probability density function of Y?

o
2y
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Q..

Q.5.

Q.6.

Q.7.

The joint density function

6x for 0<x<1,0<y<l—x

f(x,y)={

0, otherwise

Calculate the E(min(x, y)) =

(A) 1/6 (B) 1/4 ) 1/3

(D), 1/2

The distribution function for a discrete non-negative integer-valued random variable X is

0 671
F (k) =1- Z;

nk
Calculate the mean of X.

(A) e (B) 1 ()2
For three events A, B and C, you are given:

Bc A, P(ANC)=06, P(BNC)=0.2, P(C)=0.8
Calculate P(B|AﬂC).

(A) 1/6 (B)1/5 C) 1/4

You are given the following table of jointprobabilities, P(X =x, Y =y)

X 0 1 2
Y
-1 0.2 0.1 0
0 0.1 0.2 0.1
1 0 0.3 0

Calculate Cov(X, Y).

(A) —0.2 (B) 0.1 (C) 0

ALPHA PLUS
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Q..

Q.9.

Q.10.

X and Y are independent exponentially distributed random variables, each with a mean of 1. Calculate

the median of the random variable X + Y.

(A) Lessthan 1.0 (B) Atleast 1.0 but less than 1.2
(C) Atleast 1.2 but less than 1.4 (D) Atleast 1.6

You are given the following joint density function: f(x,y)=2¢ ™, 0<x< y<®
Calculate Cov(X +Y, X -Y)

(A) 2 B) -1 <) o D> a
You are given P(A | B)=0.5,P(B|A)=04, P(AUB)=0.7.

Determine P(ANB).

(A) 0.05 (B) 0.15 (C)> 020 (D) 3

Q.11. to Q.30 carry two mark each

Q.11.

Q.12.

You are given the joint distribution of X and Y has jeint pdf

12xy for 0<x<1,0< y <«
f(x,y)Z{

0, otherwise
Calculate the conditional expectation E{Y‘X = %}

(A) 1/10 B) 19 © 1/8 (D) 1/6
Suppose that X.and Y are continuous random variables with joint density function

3x for O0<x<Il and 1-x<y<l

f(x,y)={

0, otherwise
Calculate P[Y < X]

(A) 1/8 (B) 1/4 ©) 3/8 (D) 5/8
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Q.13.

Q.14.

Q.15.

Q.16.

X and Y are independent and both have a continuous uniform distribution on [0, 1]/ U =min{X, Y} and

W =max{X, Y}. Calculate the covariance between U and W.
(A) 112 (B) 1/4 (C) 1/16 (D) 1/36
Let X, X, ..., X,, be a random sample of size n from Cauchy distribution with pdf

1

S(x,6) =m,

—0< X<

Which of the following statement is true?
(A) X is a consistent estimator of 0 (B) Sample median is a‘consistent estimator of 0

©) Z;X , 1s sufficient for 6 (D) H;Xi is sufficient for 0

Let X, X5, ..., X,, be a random sample from U[G, 0+ 1], then E[X(n) —X(I)J ,

where X1y = Min{X, X, ..., X,,}; X@n = Max{Xj, Xo, ..., X} is given by

n+l (B) 1 © n—1 (D) n

n-—1 n+1 n-—1 n-—1

(A)

Let Xy, Xy, ..., Xy (n > 1) beia random sample from U (6, 6+1). Consider the following statement.

1. (i - %) 1s an‘unbiased estimate of 0

X, X

2. (”T(”) 53 is unbiased estimate of 0
X+ X

3. %—% MLE for 6

4. Any value of 6 in the interval [X(n -1 X ] is an MLE.

) T A
Select the correct statement using code given below

(A) 1,2and3 (B) 2,3and4 (C) 1,3and4 (D) 1,2,3and 4
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Q.17.

Q.18.

Q.19.

Q.20.

Which of the following statement are correct?

1. X, ~U(0,0) then X, is consistent for 0

X
2. X, ~U(0,50) then % is MLE of 0

X, +X
3. X, ~U(0,0+1) then % is unbiased for

Select the correct statement using the code given below:
(A) 1only (B) 1and?2only (C) 1,2and3 (D) 3 only

The maximum likelihood estimators (mle) of the parameters oand 3 of'the distribution

f(x;a,B)=Pe P a<x<ow,B>0 arerespectively

1
(A) X(,,) and e (B) X(]) and —
X=X X=X
1
(C) X(n) and ——— (D) X(]) and —
X+X X+X

(n) 1

If for an estimator T, of the parameter 6 £1£1; P {|Tn - 9| < s} =1, for all €>0, then which of the following
statement is correct?

(A) T, 1s unbiased consistent estimator of 6 if E(T,)= 0

(B) T, isunbiased consistent estimator of 6 if E(T,) # 0

(C) T, 1s biased consistent estimator of 6 if E(T,)= 6

(D)  Tjis unbiased inconsistent estimator of 6 if E(T,) = 6

A sample of size 1 is taken from an exponential distribution with mean 0. To test H, : 6 =1 against

H,:0>1 the test rejects Hy if X > 2. The size of the test is:

(A) 1-¢? B) 1 C) e (D) 1—%e2
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Q.21.

Q.22.

Q.23.

Q.24.

Q.25.

Suppose X;, Xy, ..., X, is a random sample from the distribution of X with mean u and variance .

2. X

M . Then the

O

The test statistic to the test H, : 6° = o, against H,: 5" > o, is givenby T, =
null distribution of T, is:

(A) ., if X has normal distribution

(B) y if X has normal distribution

(C) T distribution with (n — 1) degree of freedom

(D) F distribution if X has normal distribution

Find the triple integral of the function f (x, y, z) = x overthe region V enclosed by the planes x =0, y =z

=0andx+y+z=1

17 12 16 19
A) — B) — C) —— D) —
) 120 ®) 170 ) 120 ®) 120

o0
. . 2 —] .
The radius of convergence of the power series Zan z", whereay=1,a,=3"a, for neN,is

(A) 0 (B) 3 ©) 3 (D) o
1imi2 1 e

ﬂ—)OOn =1

(A) 0 (B) 1 C) e (D) 2e

Let A-be a 3 %3 matrix. Suppose that the eigenvalues of A are —1, 0, 1 with respective eigenvectors:

(1,-1,0)%, (1, 1,-2)", (1, 1, 1)", then 6A equals

1 5 2 1 0 0 15 3 3 9 0
A |5 -1 2 B) |0 -1 0 © |5 1 3 D |9 -3 0
2 2 2 0 0 0 333 0 0 6
ALPHA PLUS 8 of 17
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Q.26.

Q.27.

Q.28.

You are given the following information regarding the distribution of Y and the conditional distribution

of X given Y:

P(Y = —1——PY 0— PY—l——
( ) < (Y=0) 3’ Y=1) %

P(X =-1 |Y——1)—E P(X=1 |Y——1)=§,

P(X=—1]Y = 0)—_ P(X=1]Y = 0)=%

P(X=—1|Y—1)=— P(X—1|Y—1)=%

Calculate P(XY = 1).

(A) 1/18 B) 1/9 ©) 16 D) 2/9

X has the following probability function: P[X =k]= % fork=0,1, 2.

Y has the following probability function given X

P[Y = j|X=k] = 12 for j= 001, ... k+ 1}

Calculate E[Y], the mean of the marginaldistribution of Y.
(A) 1/2 (B) 23 (C) 5/6 (D) 7/6

The random variable X, which has a “zero-modified” Poisson distribution defined in the following way.

Y has aPoisson distribution with mean A > 0.

The probability function for X is defined as follows:

P[Y =0]

P[X =0]= and P[X=k]=cxP[Y=k]fork=1,2, ...

Which of the following is a correct expression for ¢?

2—¢e”’ 2—e”’ 1-2e™”
C D
2-2e”’ © 2—-e” ®) 2-2e”’

(A) 1/2 (B)
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Q.29. The random variable X, which has a “zero-modified” Poisson distribution defined in the following way.

Y has a Poisson distribution with mean A > 0.

The probability function for X is defined as follows:

P[Y =0]

P[X=0]= and P[X=k]=cxP[Y =k]fork=1,2, ...

Which of the following is a correct expression for Var[X]?

(A) cA+ch+c\ (B) ch—ch + A’ (C) cA+ch’ —cA? (D) ek=c\* — c*\?
Q.10. Which of the following statements are true?

I.  Ifevents A and B are independent, then events A and B’ are independent.

II. Ifevents A and B are independent, then events A" and B"are independent.

III. Ifevents A and B are independent, then events A UB and’A’UB’ are independent.

(A) Allbutl (B) Allbutl (C)YAll but I1I (D) All

SECTION - B
Multiple Select Questions (MSQ)
Q.31. to Q.40 carry two.mark each

Q.31. Let X}; Xy, ..., X, be a random sample from U(6—-0.5,0+0.5) distribution, where 6 e R . If X1y =

min{Xj, X, .., X,,} and X(,) = max{X;, X, ..., X,}, then which one of the following estimator is a

maximum likelihood estimator of 0 ?

(A) %(Xm“‘X(n)) ®) %(3X(l)+x(")+l)
© %(X(1>+3X<n>_l) ©) %(3X(")_X“)_2)
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Q.32.

Q.33.

Q.34.

Q.35.

Suppose X, X, ..., X, is a random sample from uniform distribution on (6, 6+1), where 6 € R is an

unknown parameter. Let X1y < X2 <, ..., X(» be the corresponding order-statistics. Which of the

following are 100(1 — )% confidence interval for 6 ?

1
(A) (—OO, X(n) —a” J (B) (X(n) + (Xl/n - 1, 00)
o o
(C) (X(n) + 5 -1, Xn - Ej (D) (—OO, )(1 — (1)
Let {X,;n>1} beii.duniform (-1, 2) random variables. Which of the following statements are true?
A) 13" X, 50 almost surel B | byrx Ly x 1o
(A) ;ZH . — 0 almost surely (B) Zzl_zl 2.5 2 Kain -
(C) sup{Xj, Xy, ...} =2 almost surely (D) inf{X,¥X,, ...} =—1 almost surely
{X,}., be asequence of i.i.d random variables with E(Xy= 0 and V(X;) = 1. Which of the following are
true?
(A) %Z; X2 > 0 in probability (B) n%z; X, = 0 in probability
©) %Z" X, =0 in probability (D) lzn le — 1 in probability
n = n="r
Suppose A e M, (R) bea matrix satisfying
»  All eigenvalues of A are of unit modulus
O an e
> e’ isan eigenvalue of A
Then trace (A) can be
4 . (4 4
(A) 2cos (?”j -1 (B) 0 (C) 1+2sin (?’Tj (D) 1+2cos (?’Tj
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Q.36. Consider the following sequences

" [(ILJ(IEJ(I_D

Q.37.

Q.38.

bn =

l(ﬁ (n+ k)j”n & ¢ = ((” +D(n+ 2)...(2n)j1/”

n

Further suppose lima, = o, limb, =P and limc, =y then

(A)

n—oo n—>00 n—o

-2b B) y=\op © v=1
7+7

o

2 D)y " A<y<owo

Which of the following is/are true ?

(A)

(B)

©

(D)

. .. . ata,+...+ta .
If D a, be a convergent series of positive terms then the series Z( — 2 j is
n

convergent

a1+a2+...+anj s

If Zan be a convergent seriesof positive terms; then the series Z(
n

divergent

a+ta,+...+a .
1 2 n is
n

If Zan be a convergent series of positive terms, then the sequence {

convergent

a1+a2+...+an} s

If Zan be a convergent series of negative terms, then the sequence {
n

convergent

Let f: [0,1] - [O, 1] be any continuous function, then which of the following is/are necessarily true?

(A)

©)

Joe[0,1] such that f(a)=a (B) 3Be[0,1] such that f(B)=p’

Jye [0,1] such that f(y)=7v’ (D) 3Fde [O, l] such that £(8) = §&*
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Q.39. X s a continuous random variable with density function f(x) = %e*‘ for —o<x <.

What is the correct expression for P[X > a| |X| > a] for a real number a ?

(A) 12

1—%6“ fora<0
©)

le"" fora>0
2

(B)

(D)

lfora<0
2

l—le’“ fora>0
2

l—le“ fora<0
2

lforaZO
2

Q.40. X and Y are independent exponential random variables, each with-a mean,of 1. Find the probability P[Y

> X+ 1].

A) ¢! (B) —

Numerical Answer Type (NAT)

Q.41. to Q.50 carry one mark each

SECTION - C

(@)

Q.41. N has a Poisson distributionith a mean of 50 N; has a binomial distribution with » =100 and p = 0.5.

N; and Nj; areindependent Apply the normal distribution with integer correction to determine the

probability. P[|N;=N,|>3].

Q.42. X hasa standard normal distribution.

The function g is defined as follows: g(¢) = P[t <X<t+ l] for —o<t<o.

Calculate the maximum value of g(7).

ALPHA PLUS
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Q.43.

Q.44.

Q.45.

Q.46.

Q.47.

Q.48.

Q.49.

Q.50.

You are given the following information about the random variable X. On the region

{0 <x <1}U{l < x <4} the density function of X is f (x) = cx, where ¢ is a constant, and at the point X =

1, P(X=1)=0.2, and density and probability is 0 elsewhere.

Calculate Fx(1.5) (Fx is the cumulative distribution function of X).

The probability function of a binomial random variable is P (X = k) = [ZJ P (1 - p)n_k for integet’n > 1

and k=0, 1, ..., n and the probability generating function of X is / Px(f) = (1= p k pr)"= (.35 .76)°.
Calculate E[X3].

X has an exponential distribution with mean &> 0. You are given that E[X |X > k} =2.

Calculate E[ X|X <k].

X and Y are random variables which have a joint distribution with joint cdf/ F(x, y) = y()c2 +xy— yz) for
0<y<x<I.

Calculate the covariance between X and Y.

0 x<1
Sx-5 1<x<2

You are given the following cumulative distribution function: F, (x)=1.75 2<x<3
25x 3<x<4
1 x>4

Calculate E[X].

X has an exponential distribution with a mean of 1. Find the conditional expectation E[X |1 <X< 2].

Let X, Xy, .«., Xj0 be independent and identically distributed normal random variables with mean 0 and

2

Xl
2 2 2
Xi+ X5 +..+ X,

variance 2: Then E[ j is equal to ...

Let X, X, ..., Xjo be 1.i.d N(0, 1) random variables. If T = Xf + X; +...+ Xfo, then E(%) equals
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Q.51. to Q.60 carry two mark each

Q.51.

Q.52.

Q.53.

Q.54.

Q.55.

Q.56.

Q.57.

Q.58.

Let U ~Fsgand V ~ Fg 5. If P[U > 3.69] = 0.05, then the value of ¢ such that P[V > ¢] = 0.95 equals

.....(round of two decimal places).

S:{xeR:xzszl—x} then|S|= ................ .
X, 0
X, X, .

Let T:R">R"byT| " |=| . |thenTrace (T)is .........ccuen..n. .
'xn xn—l

Find the area of that part of the surface of the cylinder x* + y* = 4 which'is cut out by the

cylinder x> + 22 =41is .................. .
9

Evaluate where I {\/; } dx, where {x} denotes the fractional part ofx ............ .
0

Xj, X, and X3 are independent exponential random variables with means of 1, 2 and 3, respectively. Y is

defined to the Y = max {X, X,, X3}. Determine E[Y},
X1, X, and X3 are the outcomes of three independent tosses of a fair six-sided die.
Y = min{X;, X, X3}. Calculate E[Y].

Discrete random variables X and Y have a joint distribution describe by the following joint probability

table:

X 0 1 2
Y
0 0 0.1 0.2
1 0.1 0.2 0
2 0.2 0.2 0

Calculate the coefficient of correlation between X and Y.
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Q.59.

Q.60.

A fair die is tossed until the first 6 turns up. A record is kept of each toss until this happens. The sum of

all the numbers that have been tossed is calculated, including the first 6 and is denoted X. Calculate

E(X). You are given that Z[k X tk] = > for 0<s<1.
k=1

t
(I-
X has the following distribution: P[X =1]=p, P[X=-1]=1—p.

X1, X, ..., X, are independent random variables, each of which has the same distribution as X.

Then random variable Y is defined as follows: Y = ZX . You are given s—<—= =2/1¢

k=1

Nar[X] _
EfY

Calculate p.

END OF THE QUESTION PAPER
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MATHEMATICS STATISTICS : ANSWER KEY

Section-A
(Multiple Choice Questions)(MCQ)
1. (A) 2. (A) 3.(C) 4. (D) 5:(C)
6. (D) 7. (D) 8. (D) 9. (B) 10.(C)
11. (D) 12. (D) 13. (D) 14. (B) 15.(C)
16. (D) 17. (B) 18. (B) 19. (A) 20. (C)
21. (A) 22. (A) 23. (B) 24. (B) 25. (A)
26. (D) 27. (D) 28. (B) 29.(C) 30. (C)
Section-B
(Multiple Select Questions)(MSQ)
31. (A, B, C) 32.(A,B,C,D) | 33.(A,B,C,D) 34. (B, D) 35.(A, D)
36. (A, B, C, D) 37. (B, C, D) 38.(A, B, C, D) 39. (D) 40. (B)
Section-C
(Numerical Answers Type)(NAT)
41. (0.69) 42. (0.38) 43. (0.31) 44. (89.46) 45. (0.42)
46. (0.04) 47. (2.12) 48. (1.42) 49. (0.125) 50. (0.1)
51. (0.27) 52.(1) 53. (0) 54. (32) 55.(5)
56. (3.93) 57. (2.04) 58. (_0.67) 59. (21) 60. (0.7)
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